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C(a) PRESERVING OPERATORS ON C(K) SPACES
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ABSTRACT. Let 4: C(K) — X be a bounded linear operator where K is a compact
Hausdorff space and X is a separable Banach space. Sufficient conditions are given
for A to be an isomorphism (into) when restricted to a subspace Y of C(K), such
that Y is isometrically isomorphic to a space C(a) of continuous functions on the
space of ordinal numbers less than or equal to the countable ordinal a.

1. For a compact Hausdorff space K, C(K) will denote the Banach space of
continuous real-valued functions on K with the supremum norm. The Greek letters
a, B and y will be reserved for countable ordinal numbers. We consider the set
[0,a] = {y:0 <y < a} to have the order topology and denote C([0, a]) by C(a).
Also Cy(a) will denote the subspace of C(a) of all functions vanishing at a. The
letters X and Y will denote real Banach spaces.

In this paper we give conditions on a bounded linear operator 4: C(K) - X,
provided that X is separable, which guarantee that there is a subspace Y of C(K)
with Y isometric to Cy(a) such that 4 is an isomorphism (i.e. a homeomorphism
into) when restricted to Y.

To state these conditions on 4 we define a “Szlenk type” index for operators on a
C(K) space. Throughout this paper B will denote a weak* metrizable bounded set of
measures in C(K)*. (We identify the dual space C(K)* of C(K) with the regular
Borel measures on K.) The notation p, — p will always mean that the sequence of
measures {j,} converges to p in the weak* topology.

Suppose 1 = A > 0. For each countable ordinal a we will define a family P,(A, B)
of open subsets G and associated measures p; € B. Let Py(A, B) = {(G, pg): G is
an open set in K, p; €EB and |pg|(G)=A}. If a =g+ 1, then P(A, B) =
{(G, pg): (G, ng) € Py(A, B) and there is a disjoint sequence {G,} of open subsets
of G and associated measures pg_such that (G,, pg,) € Pg(A, B), pg, — pg and
UG ,G C G}. If a is a limit ordinal, "then P (A, B) = {(G pg) € Py(A, B): there is a
dlSjOlnt sequence of open subsets {G,} of G with associated measures p_such that
kg, = kg Y,G, C G and (G, pg,) € P,(A, B) where a, 7a}. The notation a, 7«
means that a, is an increasing sequence of ordinals with a = sup, a,. A simple
example illustrating the sets P(A, B) is contained in §4.
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706 JOHN WOLFE

Let w denote the first nonfinite ordinal. The main result of the paper is the
following:

THEOREM A. Suppose K is a compact Hausdorff space, 1 =X >0, and v = w*
where a is a countable ordinal. Let A: C(K) - X be a bounded linear operator and
assume B = {A*(x*): || x*|| < 1} is weak* metrizable. (This condition on B holds if X
is separable.) Assume (1) there is a sequence v, of ordinals with y, 7y and a disjoint
sequence {G,} of open sets with (G,, pg ) € Pyn(}\,B) for some associated measures
P, - Then there is a subspace Y of C(K) with Y isometric to Cy(w") such that A
restricted to Y is an isomorphism.

We note that assumption (1) in Theorem A is implied by the condition P, (A, B) #
@. Also, if (1) is replaced by the assumption that P (A, B) # &, then the subspace
Y in Theorem A can be chosen to be isometric to C(w").

The author is indebted to Dale Alspach (whose paper [1] gave rise to this paper)
for many helpful conversations. His paper [2] contains a converse to Theorem A and
also shows that the requirement that the sets {G,} be disjoint in assumption (1) is
unnecessary.

Theorem A and Alspach’s converse [2, Corollary 0.5] combine to give

THEOREM B. Let A: C(K) — X be a bounded linear operator where K is a compact
Hausdorff space and X is a separable Banach space. Let Yy = w®. Then there is a
subspace Y of C(K) with Y isometric to Cy(w") and such that T restricted to Y is an
isomorphism if and only if, for some A >0, Pg(A, B) # & for all B <y where
B = {A*(x*): llx*|l < 1}.

The assumption that y be of the form w® is essential in Theorem A; however, it is
isomorphically unimportant since for any countable ordinal B there is an ordinal «
such that C(B) is isomorphic to C(w”) where y = w* (see [6]).

It is hoped that Theorem A and the techniques of this paper will contribute to a
solution of the following folklore question: if Y is a complemented subspace of C(S)
where S is a compact metric space, is Y isomorphic to C(T) for some compact
metric space T? Via the work of Rosenthal [14] and Pelczynski [11] (see also
Benyamini [5]) this question has been reduced to the following:

Question. Let K be a compact metric space and let P. C(K)—> Y C C(K) be a
bounded linear projection such that Y* is separable. Then is there a countable ordinal «
such that (a) Y contains a subspace isomorphic to C(a) and (b) Y is isomorphic to a
complemented subspace of C(a)?

Theorem A provides a method for computing the largest ordinal a satisfying
condition (a) of this question.

If Y is a subspace of X and B is a bounded subset of X*, we say that B norms Y if
there is a constant A > 0 such that, for eachy € Y, sup{| x*(y)|: x* € B} = Al y|l.
It is a simple observation that if 4: X — Z is a bounded linear operator and Y is a
subspace of X, then A restricted to Y is an isomorphism iff {4*z*: || z*|| < 1} norms
Y. Using this observation, Theorem A will be proved in §3 using the following:
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THEOREM 1. Let K be a compact Hausdorff space and let B be a symmetric weak*
metrizable set of measures in the unit ball of C(K)*. Let 1 = X\ > 0 and suppose N is
an integer with N > %. If P(\, B) # @ and if B - N <', then there is a subspace Y
of C(K) which is normed by B such that Y is isometric to C(w?).

In the next section the notion of a y family of sets with measures is introduced
and used to prove Theorem 1. In §3, Theorem A is derived from Theorem 1 using
some of the techniques of §2. §4 has some remarks on the relationship between the
sets P,(A, B) and the sets used in defining the Szlenk index of an operator in [1]. The
final section shows that the theorem of Alspach and Benyamini [17] and Billard [18]
on the primariness of the spaces C(a) for a a countable ordinal can be obtained as a
corollary to the techniques of this paper.

2. vy families of sets and the proof of Theorem 1. The proof of Theorem 1 is
conceptually quite simple but seems to be unavoidably technical. The proof is
broken down into six steps which are outlined here. It is hoped that by referring
back to this outline, the reader will be able to maintain a sense of direction as he
goes through the proof.

Throughout, K will be a compact Hausdorff space, A >0 and B a subset of
C(K)*.

Step 1. We begin by introducing the central concept of a y family of sets in K with
A measures taken from B and show that if P (A, B) # @, then such a family of sets
and measures must exist (Proposition 2.2). The key proposition, 2.6, is then proved,
which gives three conditions (denoted (), (**) and (**x)) on a y family with A
measures taken from B which guarantee that C(K) has a subspace isometric to
C(w*) which is normed by B.

Steps II-V describe four operations on y families with A measures which yield new
families having additional properties.

Step 1I. In this step it is shown that an arbitrary y family with A measures can be
easily trimmed down (by throwing away some sets) so that what is left is still a y
family with A measures and, in addition, condition (**) is satisfied.

Step II1. In this ugly and technical step it is shown (Proposition 2.8) that, given
€ > 0, an arbitrary y family with A measures can be reorganized so that it has the
additional property of being “towered” (defined below) and the A measures become
A — & measures.

Step 1IV. Proposition 2.13 shows how, from a given towered y family with A
measures, one can pick out a towered S8 family (8 not much smaller than y) with A
measures which, in addition, satisfies condition (*). The argument used in this step
only works for towered families and this is the reason the lengthy Step III had to be
included.

Step V. Lemma 2.15 shows how, given ¢ > 0, a y family with A measures satisfying
condition (*), can be adjusted to give a y family with (3 — 2¢) measures also
satisfying (*) and, in addition, satisfying condition (**x).

Step V1. The proof of Theorem 1 is now a matter of putting together the previous
steps.
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STEP 1. The central concept of this section is the following:

DEFINITION. Let y be a countable ordinal. Then a family ¥ of nonempty open
subsets of K is a y family if for each a with 0 < & < y there is a subfamily %, of &
such that % has the following six properties:

1) 9= U,.9, and if G, and G, are in &, then G, N G, = & or G, C G, or
G, CG,.

(2) 9, is a single set which we denote by G, and, if G € , then G C G,, and

U {He?f.HcG,HaéG} CG.

(3) If & < v, 9, is an infinite family of disjoint open sets.

@IfGEFanda<B<y,theset {H: HC Gand H € 9,} is infinite.

_(5) If G € %,,, then there is a sequence G, of disjoint subsets in %, such that
UG, CG.

(6) If G € %, and B is a limit ordinal, then there is a sequence {G,} of disjoint
subsets of G such that G, € JB and B, is an increasing sequence of ordinals with
B = sup, B, and UG CaG.

This horrid definition is motivated by the following example, which we will call
the standard vy family in K = [0, w”]. Let K* denote the ath derived set of K. For
B, € K**'\K*, define B, = sup{B € K**'\K: B<p,}. (If B, is the smallest
member of K**!'\ K*let B, = 0.) Then J, consists of all sets of the form (B,,8,] for
B, € K**'\K* It is routine to check that Ua<y %, is a y family of sets in K.

This notion of a y family of sets will be used to construct subspaces of C(K)
which are isometric to C(w*). In order to get normed subspaces we need the
following additional structure.

If 1=A>0, ay family ¥ is called a y family with X\ measures if for each G € ¥
there is a measure . such that:

(5") If G € %, ,, then there is a sequence {G,} of disjoint subsets of G with each
G, €%, UG, CGanduG - g

(6") If G € 9;, where B is a limit ordinal, then there is a sequence {G,} of disjoint
subsets of G such that G, € %, B, 7B, UG, G, C Gandpg - pg-

(7) Foreach G € %, | ug | (G) = A.

The standard y family ¥ of sets on [0, w?] is made into a y family with 1 measures
if for each set (B,,8,] € ¥, we associate the point mass g,

Our objectives in STEP I are first to show that if P (A, B) # &, then there exists
a y family of sets with A measures taken from B (Proposition 2.2) and, secondly, to
establish three conditions (Proposition 2.6) on a y family with A measures which are
sufficient to imply the existence of a subspace of C(K) isometric to C(w”) which is
normed by the measures associated with the y family of sets.

We establish some notation and operations on y families with A measures which
will be used repeatedly in the following. Let % be a y family with A measures. A
subset ¥’ of ¥ is a y subfamily with X\ measures if it is also a y family with the same
measures and 9, = §, N G’ If G € ¥, then ¥| G is an a family with A measures in
an obvious way.

In many of the transfinite induction arguments which follow, the successor and
limit ordinal cases will use parts (a) and (b), respectively, of the next lemma. The
proof, which is an exercise with definitions, is omitted.
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__LemMa 2.1. Let {G,} be a sequence of disjoint open subsets of the open set G and
UG, C G. Suppose . is a measure with | ;| (G) = A.

Let G, be a v, family with X measures such that (3,), = G, and p; — pg. Suppose
that either

(@)y =B + 1andy, = B for each n, or

(®) v, 7.
Let %= {G}y U (U_,9,) andlet G, = U (F,), fora <yand F, = {G}. ThenFis a
Y family with N\ measures.

PROPOSITION 2.2. Suppose 1 =X >0 and (G, pg) € P(A, B). Then there is a y
famiiy F with X measures such that if H € % then py; € Band G = G, and pg = pg

We omit the proof, which is a simple transfinite induction argument using Lemma
2.1

We now show how a y family of sets in K gives a subspace isometrically
isomorphic to C(w").

For a compact metric space S, the derived sets S* for each countable ordinal « are
defined by transfinite induction as follows: Let S = Sand ifa = B+ 1, s € S* if
there is a sequence s, € S# with s = lim s,,. I a is a limit ordinal, $* = U p<a S8 or,
equivalently, s € S if there is a sequence {s,} with s, > s, s, € SA»and B, 7B.

For a set G, x; will denote the characteristic function of G. If ¥ is a y family of
sets, A(%) will denote the normed closed Banach algebra of functions (in the space
of bounded functions on K) generated by the family {x;: G € ¥}. Then A(¥) is
isometrically and algebraically isomorphic to C(T') for some compact metric space
T. (T is metrizable since A(% ) is separable.)

PROPOSITION 2.3. Suppose % is a y family of sets. Then A(%) has a subspace
isometric to C(w").

This proposition follows immediately from the next two lemmas.
LEMMA 2.4. Suppose F is a y family of sets. Then TY # & where C(T) = A(F).

PrOOF. For each G € %, the image of x; in 1) is a characteristic function of
some closed and open set wh1ch we denote by G. If G, C G, or G, N G, = & then,
respectively, G, C G, or G, N G, = @. The lemma follows from the next claim.

Claim.ffa<yand G € 9, ,thenG N T*# @.

If @ = 0 the claim is clear since ¢ C T°. If a = B+ 1 and G € 9, then by (5)
there is a sequence {G,} of d15_|01nt open sets with G, C G and G € 9. By
induction we can choose ¢, € G N TA. Then any limit point of the distinct sequence
{t,} is in G N T*. The proof, if « is a limit ordinal, is similar and the lemma is
proved.

LEMMA 2.5. Let S be a compact metric space and suppose that S* # @ . Then C(S)
contains a subspace isometric to C(w®).

PrOOF. We give a sketchy proof of this well-known fact. First, if S is uncountable,
then S contains a subset homeomorphic to the Cantor set A [8, p. 158]. Thus C(A) is
isometric to a subspace of C(S) via an extension operator [12, Theorem 6.6]. A
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simple argument shows that any totally disconnected compact metric space is
homeomorphic to a subset of A. Thus [0, w*] C A and an extension operator gives
C(w") isometric to a subspace of C(A) and thus C(S).

On the other hand, suppose S is countable. Let 8 be the last ordinal such that
S8+ @ and suppose S has n points. Then S is homeomorphic to [0, wfn] [10, p.
21; 9, p. 103 or 4, Theorem 2]. Since $* # &, w* < w’n and thus [0, w®] is a subset
of [0, w#n] = S. An extension operator gives C(w®) isometric to a subspace of C(S)
and the lemma is proved.

The next proposition, which completes STEP I, gives three conditions on a y
family of sets with A measures taken from B, guaranteeing that a subspace isometric
to C(w") is normed by B.

PROPOSITION 2.6. Let B be a set of measures from the unit ball of C(K )*. Let % be a
Y family with A measures taken from B and suppose 1 = X\ > 5¢ > 0. Suppose that, for
each G € ¥,

(*) |ps|(G\G) <eand

(x*) |pg|(U{H €9: HC Gand H # G}) < eand

(++#) 16(G) = M.
Then there is a subspace of C(K ) which is isometric to C(w") which is (A — 5¢)-normed
by B.

PROOF. For each G € % choose a closed set F with U{H €%: H C G, H # G}
CFCG and |pg|(G\F)<e Choose f; € C(K) such that f;=1on F, f;=0
outside G and 0 < f; < 1. The desired subspace is the closed linear span of {f;:
G € 9} which we denote by Y. We will establish that the correspondence x; — f;
for G € % uniquely determines an isometry of A(¥) onto Y and that Y is normed by
B.

Step 1. 12}, a;x 6,1l = IZ}=, a, f, |l for all finite collections {G,} from ¥ and real
numbers a;.

Leth = 3_,a,xg, and Th = 3}_,a,f;. Let x € K. Since fori #j, G, N G, = 2,
G, C G;or G; C G;, we may reorder the sets {G,} such thatx € G, C G, C --- C G,
and G; N G, # 0 for k <i<n. Then h(x) = a, + - - - +a,. Also Th(x) = a, f5(x)
+a, + -+ +ay since f;(x) = 1 for 2 < i < k. By choosing some y € G, such that
fo(y) =1, we have Th(y) = h(x) and thus ||Thll = || k||. For the opposite inequal-
ity assume that | Th(x) |= a, f(x) + a, + - - - +a,. (A similar argument works for
the other case.) If a; = 0 then h(x) =| Th(x)| since 0 < f; (x) < 1. On the other
hand, if a; <0, we can choose a y € G,\ U,,,G, and then h(y) =a, + -+ +a, =
| Th(x)| . Thus | 2|l = || ThII.

Step 2. We next show that A(%) is the closed linear span of {x;: G € ¥}. Let @
be the smallest family of sets containing & which is closed under finite unions,
intersections and differences. Then A(%) is the closed linear span of {x,: H € &}.
A technical but elementary argument shows that if H € @ then H = U]_, X, where
each X, is of the form Gy\ U’_, G; where G; € ¥ for 0 <j <m and G, C G, for
1 <j <m. (The only property of ¥ used here is that if 4 and B are in ¥ then
ANB= @, ACB or BCA.) Step 2 now follows and we have an isometry of
A(%) onto Y.
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Step 3. It remains to show that B norms Y.

Let h = 3, a, f;,. Arguments as in Step 1 show that a reordering of the sets {G,}
gives a sequence G, C G, C --- C G, such that ||| either equals |a, + --- +a,|
or |a, + --- +a,|. Leaving the other cases to the reader, we finish the proof
assuming that ||hll = a, + --- +a,.Let A = U{H € 9: H C G,, H # G,} and let
F be the closed set used in defining f;,. Then 4 C F C G and since f;, = 1 on F,

=a,+---+a, = |lhilon F\A. So

[hdug, >[Nh dpg, — 181 | ke, {(G\G,) U (G, F) U 4}]

= Il (pe,(FrA) — 3e) = Ihll(pe(G,) — |k, | {(GNF) U A} — 3e)
= || hlI(A — Se)

and Yis (A — 5¢)-normed by B. This finishes the proof.

In the following four steps we show how the crude y family of sets with A
measures, whose existence is implied by the assumption that P (A, B) # &, can be
improved by some trimming and modification to satisfy conditions (*), (**) and
(**x) of the last proposition.

STEP 11. The next proposition shows that condition (**) is easy to obtain.

PROPOSITION 2.7. Let % be a y family with X measures. Then for every & > 0 there is
a v subfamily %' of % such that
(x*) if G EF', then |pg|(U{H: HE Y, HC G, H+# G})<e.

PrOOF. We use induction on y. Since the proposition is clear for y = 0 and since
the successor and limit ordinal cases are similar, we prove only the limit case. By (6”)
let {G,} be a disjoint sequence of subsets of G, such that G, €%, , v, /v and
B, = b, Choose a subsequence {G, } such that |p; |(U;G, ) < e For each i, let
3, be a y, subfamily of F| G, such that (x*) is satisfied. Then ¥” is obtained as in
Lemma 2.1 using the sequences {G, } and "In Condition (*#) is immediate and the
proposition is proved.

STEP III. A little more work seems necessary to get condition (*). We first show
in Proposition 2.8 that a y family with A measures can be modified to yield a
“towered” y family (defined below). Then Proposition 2.13 shows how we obtain
condition (*) from a towered vy family.

DEFINITION. A y family % with A\ measures will be called a towered y family with
measures if it satisfies:

(®) If G €9, and a < B <, then there is an H € %; with G C H. (Note that (3)
implies the set H is unique.)

(9) If G € %; where B is a limit ordinal, then there is an H € %; such that
lim,_gpy = pg wWhere H, C G is the unique set in %, containing H.

The standard y family with 1 measures on [0, w”] is towered. However, the crude y
family with A measures constructed under the assumption that P,(A, B) # & is not
towered, since the procedure in Lemma 2.1(b) does not give a towered family.

PROPOSITION 2.8. Let B be a metrizable set of measures and let 1 = A\ > 0. Suppose
% is a y family with X measures taken from B. Then for every e, with A > ¢ > 0, there

exists a towered y family F' with (A — €) measures taken from B such that 3] = ¥, .
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For the proof of this proposition we will need three lemmas.

LEMMA 2.9. Let % be a y family with X measures. Suppose the set of measures
associated with % is metrizable. Suppose a < ,B <7y and G € 9. Then there is a
disjoint sequence {G,} of subsets of G with G, € ¥_ for each n such that pg — pg and
U,G, CG.

PrROOF. We use induction on 8 considering « to be fixed. If 8 = a + 1 the lemma
follows from (5"). Suppose the lemma holds for all ordinals smaller than 8. Then by
either (5') of (6") there is a sequence {G,} of disjoint subsets of G such that

kg, = ke UG, CG and G, € JB where B, < pB. Since each pg is a limit of
measures associated with sets in %, contained in G,, the lemma follows since the set
of measures associated with % is metrizable.

The proof of Proposition 2.8 is by induction; however, Lemma 2.1 does not work
in the limit ordinal case since the y family constructed there is not towered. The next
lemma will be used in its place.

LeEMMA 2.10. Suppose 1 = X\ > ¢ > 0, B is a metrizable set of measures, F is an open
subset of K and p . is a measure with || (F) = N. For each n = 1 let %, be a towered
Y, family of \ measures taken from B such that Y, 7y. Denote (%,), by F, and assume
{F,)} is a disjoint sequence, U F, C F and p. F, = M. Suppose that for each n = 2 there
is an H, € (F,), _ 4+ such that, if v, , <a <y, and H is the unique set in (3,),
containing H,, then gl (U2, ! F,) <. Then there is a towered y family % of (A — €)
measures taken from B such that 6~ =F.

PrROOF. We begin by defining the sets %, and associated measures. For0 < a <y,
let ¥, = U (9,), where the associated measurcs are the same and let {F }
where ¢ is the measure given in the lemma. Suppose v, < a < y. There is a unique
integer k with y,_, < a <y,. Let D, be the unique set in (Gfk ), containing H, and
let E, = D, U (UX_] F,). Define §, = {E,} U (U, (%)) {D,}. Thus F, is ex-
actly the same as the union of the ( - )o €Xcept that thc set D, is replaced by the
larger set E,. Let py = pp and let the other associated measures be the same.
Finallylet ¥ = U . %,.

% satisfies conditions (1) and (2) by definition and (3) follows from the disjoint-
ness of the sets { F,} (thus E,_ is disjoint from the other sets in F,).

Note that if G € J, then either G € (%), for some n or else G = Eg. Thus the
verification of the remaining conditions which & must satisfy each fall into two cases.

We note two simple facts regarding &

(@) Ify, <a < B <y, then E, C E; and Ej is the only set in % containg E,,.

(b) If « < B and G € (9,), for some n, then E, N G = @. Thus if H € (%,), and
HCG,thenH €9,.

For (4) suppose G € % and a < B <. If G € (%,), for some n, then {H € 9,

H C G} = {H € (9,),: H C G} is infinite since E, N G = @. On the other hand
if G = Eg, then Dy C Eg and {H € 9,: H C G} is infinite since it contains all of the
family {H € 9: H C Dy} except p0351b1y the one set D,.

For (6) let G € ¥, where B is a limit ordinal. For G € (%,), for some n, the

argument is like the one for (5) and is omitted. So suppose G = Eg. Again since
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Dy C Egand D, € (9%,), for some n, we get a disjoint sequence {G,} of subsets of D,
such that G, € (%,)p,, By 7B and pg, > p p, = Bg- If an infinite number of the G, ’s
are in %, we are done by passing to a subsequence. So suppose G, is not in ¥ for all
but a finite number of k’s. Then G, = Dy, . Passing to a subsequence we may assume
G, = D, for each k. By Lemma 2.9 choose Q, € (F,), _, such that O, C G, and
d(pg, bg,) < % where d is the metric on B. Then Q, # D,  since the sets
G, = D, are disjoint. Then {Q,} is a disjoint sequence in & with p, - p; and
Qi € %, _ and B,_, 7B and (6') is established.

The verification of conditions (5), (7), (8) and (9) is straightforward and tedious,
and therefore is omitted. This finishes the proof of the lemma.

The proof of the next “Rosenthal type” proposition is given in the next section.

PROPOSITION 2.11. Let {G,} be a disjoint sequence of open sets in K and for each n,
let 3 be a v, family with A measures taken from the bounded set B such that
(%,),, = (G,}. Then for any & > O there is a subsequence n; such that for each i there is

a v,, subfamily 5, of 5, such that if G € 3, , then | pg| (U, ., G,) <e.

PrOOF OF PROPOSITION 2.8. Using induction on vy, the proposition is clear for
y =0, letting ¥’ = %. Suppose y = 8 + 1, A > ¢ > 0 and the proposition holds for
B. By (5') choose a disjoint sequence {G,} of subsets of G, such that p; — pg. For
each n, let 5, be a towered B8 family with (A — &) measures taken from B such that
(3,)s = (9| G,)g = G,. The process in Lemma 2.1 gives a y family %’ with (A — ¢)
measures. Conditions (8) and (9) are easily verified so ¥ is a towered y family with
(A — &) measures.

Next suppose v is a limit ordinal and ¢ > 0 and assume the proposition holds for
all & <y. We will use Lemma 2.10. First use (6") to get a sequence {G,} of disjoint
open sets in G, such that G, € (%),, v, 77, g, > kg, and U, G, C G,. Apply
Proposition 2.11 to the sequence ¥ | G, of vy, families, and we may assume that for
each n we have a v, family with A measures such that (%,), = G,, and if G € F,
then |pg|(U,.,G,) < %. Applying the inductive hypothesis to each %, yields a
towered v, family %, with (A — %) measures such that (%), = G,. Lemma 2.10 is
now satisfied by letting H,, for n = 2, be any set in (%,), ., and Proposition 2.8 is
proved.

STEP 1IV. Once we have a towered family, Proposition 2.13 below shows we can
pass to a restricted family (with a reduction in y) which satisfies condition (x).

The elementary proof of the next lemma is omitted.

LEMMA 2.12. Let G be an open set and suppose p,, — p. Then
|n|(G) < sup |p,|(G).
n

PROPOSITION 2.13. Let & be a towered y family with X measures taken from a
metrizable set of measures. Let € > 0 and suppose N is an integer with + < e. Suppose
that ||pgll <1 for each G € 5. If y = BN, then there is a subset 5’ of % such that %' is
a towered B family with \ measures and condition () is satisfied, i.e. if Gy = %, then
for each G € F', | p | (Gg\G) <e.
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PrOOF. We begin by defining a function f: %, — [1, N]. For each G € %, consider
the sequence '

G=G,CG,C--CGy

where G, is the unique element of %,, containing G. There must be at least one
integer n € [1, N] such that

I""Gl(Gn\Gn—l)<#<e

since {G|\ Gy, G,\G,...,Gy\Gy_,} is a sequence of N disjoint sets and || ps |l < 1.
Define f(G) to be such an integer n.
To finish the proposition we need the following lemma.

LEMMA 2.14. Let ¥ be a y family with A measures and let N be a positive integer. Let
f: %, = [1, N] be an arbitrary function. Then there is a y subfamily ¥’ with A measures
such that f is constant on %;.

PrOOF. We use induction on y. The lemma is trivial for y = 0. Since the limit and
successor ordinal cases are similar we prove only the limit case. Suppose vy is a limit
ordinal and the lemma holds for a < 'y. By (6’) there is a disjoint sequence {G,} of
subsets of G, such that G, € 9, , v, /v and pg - pg . Let F, be a v, subfamily of
9| G, with A\ measures such that f is constant on (%,),. Then there is a subsequence
n; such that f takes the same value on each (@Fni)o. Now apply Lemma 2.1 using the
sequence {G,, } and the lemma is proved.

We can now finish the proof of Proposition 2.13. Applying the last lemma yields a
y subfamily §” of ¥ and an integer n such that if G € Fj’, then f(G) = n, i.e.,

(P) IP‘GI(Gn\Gn—I)Ss'

To define F', let G be any set in J;, . Roughly speaking, ¥’ will just be §" | G, with
all the sets in (¥ | Gp), thrown away for a < (n — 1)B. For each ordinal a with
0<a<plet¥, ={H:HCGgand H € Fg,,_,y,,} and let G = {Gj}. Finally let
%"= U,p%,. For HE J', py is the same as p, when H is considered as an
element of ¥ or 9. The fact that ¥’ is a B family with A measures is straightfor-
ward. It remains to be shown that if G € ¥’, then |ps|(Gs\G) <e. Suppose
G € 4,. Then G € Fy,_ ., Applying Lemma 2.9, let {G, } be a sequence of sets in
¥y’ with U,G, C G such that p;_— p. Condition (P) says that | ps, | (Gg\G,) < ¥
since Gy must be the unique set in % containing G, and similarly for G. Since
kg, = Be»

|r6l(Ge\G) <|pg| (Gp\ U G,.) <sup |pg | (Gp\ U Gk)
n n k

<sup|uanl(Gp\Gn)<%<€
n

by Lemma 2.12 and the proposition is proved.

STEP V. One last detail must be taken care of before we can prove Theorem 1.
The difficulty is that Proposition 2.2 gives a y family whose measures satisfy
| | (G) = A; however, in Proposition 2.6 we need the stronger condition

(+%) ke(G) > A.
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LEMMA 2.15. Let 1 = X > 2¢ > 0 and suppose % is a y family with X measures taken
from B which satisfies (+) for each G €%, |pg|(G,\G)<e. Then there is a y
subfamily F* with (5 — 2¢) measures taken from B U — B satisfying (*) such that
p(G) = (5 — 2¢) for each G € F*.

PRrOOF. For each G € %, using the Hahn decomposition theorem choose disjoint
closed sets P; and N, such that P, U N; C G, | pg | (G\(Pg U Np)) < §, pg(Pg) =
|rG|(Pg) and |pg|(Ng) = -pg(Ng). Then either (A) pg(Pg) =3 —§ or (B)
pg(Ng) < -3 + 5. Define f: 9, - {1,2} by f(G) = 1 if (A) holds or f(G) = 2 if
(A) does not hold. By Lemma 2.14 there is a y subfamily 4’ such that f is constant
on %;. We will assume f(G) = 1 for all G € 9. The proof is the same if f(%;) = 2
except we change the measures to —p for each G € %, and then our measures are
taken from —B. So we assume that for each G € 5/, ps(P;) = 3 — 5. Also (») still
holds since %" is a subfamily. Define §* as follows. For each G € ¥ let

G*=G\ U{Hy,:HCG,HeY%}.

Let 5* = {G*: G € 9’} and let p;. = pg. The verification that F* is a y family
satisfying () is routine since G, N G, = @ implies Gf N G¥ = & and G, C G,
implies G} C G¥. Now for G* € %,

pe(G*) = ”’G(G\NG) = p(Pg) — legl (G\(NG U PN)) =% -

If G € 4}, then by Lemma 2.9 there is a sequence {G,} C 9 such that U, G, C G
and p; — pg. Choose f; € C(K) with0 <f; <1, f; =1on U,G,, f; = 0 outside
G and p(G) = [fg dpg — 5. Then

#o(6) > lim [ fdug, > lim [nG(G,) — | kg, | (GNG,)] >3 — 2

by condition (x) and the lemma is proved.

STEP V1.

PROOF OF THEOREM 1. If P (A, B) # 0, by Proposition 2.2 there is a y family ¥
with A measures taken from B. Choose a small ¢ > 0. By Proposition 2.8 we may
assume ¥ is towered with (A — ¢) measures. Then Proposition 2.13 gives a 8 family
with (A — e) measures satisfying condition (*) of Proposition 2.6. Then the last
lemma gives a B family with 4 — 3¢ measures taken from B U (-B) satisfying (x)
and such that p;(G) = 3 — 3¢ for each G. We may assume (+#) is also satisfied by
Proposition 2.7. So Proposition 2.6 gives a subspace Y of C(K ) which is normed by
B and isometric to A(%). By Proposition 2.3, Y contains a subspace isometric to
C(wP).

3. Proof of Theorem A. In addition to the proof of Theorem A, this section closes
with the proof of Proposition 2.11.

LEMMA 3.1. Let y = w®. Then for any integer N >0 and any ordinal B <y,
B-N<jy.

PROOF. The proof is a simple induction on a using the following facts (see [15]):
wP*! = sup, wP - n and, if a is a limit, then &* = sup,_, w?.
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PROOF OF THEOREM A. Suppose v, 7y and {G,} is a disjoint sequence of sets with
(G,» kg,) € P(A, B). Choose & with 0 < e < {5 and choose N with N > }. For each
n, by the last lemma, vy, - N <y so thereis a k > n with vy, - N <'y,. Thus passing to
a subsequence, we may assume that for each n, v,- N<y,,,. Since G, , €
P, (A, B), by Proposition 2.2, there is a v, , family &, , | with A measures such that
(%,41)y,,, = G,+1- Applying Propositions 2.8, 2.13 and 2.7 exactly as in the proof of
Theorem 1, we obtain a vy, family %’ with (A — 4¢) measures such that, letting
H,= (9, )y,» H, C G, and conditions () and (*x) of Proposition 2.6 are satisfied.
Next, using Proposition 2.11, and passing to a subsequence of {H,} and to vy,
subfamilies %" of %/, we may assume that, in addition to (*) and (**) of Proposition
2.6 being satisfied for each %,’, we also have for each n, if G €3/, then
gl (U, H) <e It is now easily checked as in Proposition 2.6, that if Y is the
closed linear span of {x: for some n, G € 4’} then Y is normed by B and Y
contains a subspace isometric to Cy(w”). This finishes the proof of Theorem A.

In order to prove Proposition 2.11 we need the next lemma.

LEMMA 3.2. Let F be a v family with A measures, F a measurable set in K and ¢ > 0.
Suppose that for every y subfamily %' of %, there is a G € % such that |pg|(F) = e.
Then there is a y subfamily 5" of % such that if G € 9/, then | pg|(F) =e.

PRroOOF. Using induction on vy, the lemma is trivial if y = 0. We omit the successor
ordinal case since it is similar to the limit case.

Suppose v is a limit ordinal. Let {G,} be a disjoint sequence of subsets of G, such
that G, € ¥, , v, /v and pg - pg,. Let M = {n: for every v, subfamily 3, of ¥| G,
there is a G € (9)), with |pg|(F)=¢}. If M is infinite, then by inductive
hypothesis there is for each n € M a vy, subfamily % of | G, such that if G € (%)),
then | ug | (F) = e. Applying Lemma 2.1 to the sequence %, for n € M gives the y
subfamily ¥ desired in the lemma. On the other hand, suppose M is finite. If
n & M then there is a vy, subfamily %, of %|G, such that if G € (%)), then
| kG| (F) < e. In this case apply Lemma 2.1 to the sequence %, for n M and we get
a y subfamily " of ¥ such that if G € (9”), then |p;|(F) < e. This contradicts
the assumption of % so M cannot be finite.

PrROOF OF PROPOSITION 3.1. (See proof of Rosenthal’s Lemma in [7,p. 18].)
Partition the integers into an infinite number of disjoint infinite subsets {M,}> .
The proposition holds if, for some p, for every k € M, there'is a vy, subfamily %, of
%, such that if G € (%), for some k € M,,, then |pg|(U{G;:i EM,, i #k}) <e.
(Note that if this inequality holds for every G € (9;),, then it holds for every
G € % by Lemmas 2.9 and 2.12.) We will obtain a contradiction from the negation
of the above statement. Thus assume that for every p there is a k(p) € M, such that
for every v, subfamily %, ,, of F, ), there is a G € (%)), such that

luel (U (GsieM,,i+*k(p)})=e.
Thus by Lemma 3.3 there is a y,(,, subfamily %/ , of %, ,, such that for every

s k(p)
G € (5 )0

|u6|( U {Gi:iEMp,i#k(p)})>e.



C(a) PRESERVING OPERATORS ON C( K ) SPACES 717

Thus for any p, if G € (F;(,))o then | pg| (U, ., Gyiy)) < @ —esince U, Gy, is
disjoint from U {G;: i € M,,, i # k(p)} where Q = sup {llp|l: p € B}. Apply this
same procedure to the sequence {Gy,,}5=; and {J; )5, and get an inequality as
above for a subsequence; however we get Q — 2¢ rather than Q — &. Repeating this
procedure n times, where Q — ne < 0, gives a contradiction and proves the proposi-

tion.

4. The relationship between the sets P(A, B) and the Szlenk index. The sets
P (A, B) were first considered in an attempt to understand the Szlenk index of an
operator as considered in an attempt to understand the Szlenk index of an operator
as considered in Alspach [1] (see also [16]). Also a forerunner of Theorem A is
Theorem 0.2 of [1] which gives a condition in terms of the Szlenk index for an
operator on a C(K') space to preserve a copy of Cy(w*). Hence in this section we
briefly discuss the relationship between the sets P(A, B) and the sets P¥(A, B)
(defined below) used in the definition of the Szlenk index. '

For a bounded set B in the dual X* of a Banach space X and for A > 0, we
inductively define (following [1]) for each ordinal a, a Szlenk set P*(A, B) C X* as
follows: P$(A, B) = B and if « = B + 1 then P¥(A, B) = {b: there is a sequence
(b,)7=) C P#(A, B) and a sequence (a,);=, C X with [la,|l <1 such that b, - b
(weak*) and a,, > 0 (weakly) and limsup (b,, a,)= A}. If a is a limit ordinal then
P¥(A, B) = U,_, PF(A, B).

The following lemma is trivial.

LEMMA 4.1. Suppose B is a bounded set in C(K)* and A > 0. Then if (pg, G) €
P(A, B) then pg € P¥(A, B).

Using arguments from [1] (see Lemma 1.3 and Remark 2), one can prove

LEMMA 4.2. Let B be a bounded subset of C(K)*. Then there is a A > 0 such that
P\(A, B) * @ if and only if there is an € > 0 such that P*(¢, B) # ©.

Finally we give a simple example to show that P}(e, B) can be nonempty but
Py(A, B) = @ forallA > 0.

ExAMPLE. Let K be the space consisting of two sequences {x,} and {y,} with
x, = Xo and y, — y, where x, # y,. Let B= {p € C(K)*: llpll <1} and let p,;
=36, + %8% where 8, € C(K)* is defined by 6 (F) = F(x) for each F € C(K).
Then py; € P¥(%, B) since Bij = Bo; (Weak*) and if F, = x, , then F, > 0 weakly
and (p;;, ;)= 1. Also pg, € Py(3, B) since Bo; = Moo Weak* and Xy~ 0 weakly
and (Bo;, X(y)) = 3 for every j. Thus Py(3, B) # @. However, Py(A, B) = @ for
every A > 0 since P)(A, B) # @ implies there is a 2 family of sets in K and then
Lemma 2.4 implies that the second derived set K? is nonempty. However, K? = @
(since K'! has 2 points) and thus P,(A, B) = @ for every A > 0. This completes the
example.

5. Primariness of the spaces C(a). In this section we show how the following result
of Alspach and Benyamini [17] and Ballard [18] can be obtained from the techniques
of this paper.
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THEOREM. For any countable ordinal B, C(B) is primary, i.e., if C(B) = A, ® 4,
where A, and A, are closed subspaces of C(B), then either A, or A, is isomorphic to

c(B).

PrROOF OF THEOREM. Let £ > 0 be given. By [6], C(B) is isomorphic to C(K') with
K =[1, a] where @ = & and y = &" for some ordinal A. Let P;: C(K) » C(K) be
the projection onto A, with kernel 4, and let P, = I — P,. Let ¥ be the standard y
family for K. We consider two choices of measures for this y family: u'; = P*p for
i =1 or 2, where p is the standard measure for G € ¥. Choose ordinals y, with
¥, 7Y and choose N with % < e. Then y,N? 7y. Choose a disjoint sequence {G,} of
sets from & such that G, € , N2 and let 9, = 9| G,. Then , is a towered v, N’
family. By Proposition 2.13 there is a towered v, N family %, taken from %, such that
| nls | (G, y\G) <eforeach G € %. Applying Proposmon 2.13 a second time gives
a towercd y, family %" such that |p%|(G ,,\NG) <e¢ for each G € 9,". Since
G, C G, y we have (a) |u‘G|(Gyn\G) <¢ for each G €9, and for i = 1,2. For
each G € (F,),,

o(G) + 15(G) = (Piug + Ptug)(G) = pg(G) = 1.
Thus either (A) p';(G) = 1 or (B) p*(G) = . Using Lemma 2.14 we can choose a v,
subfamily % from %" such that (A) holds for every G € (%,”), or (B) holds for
every G € (%,”"), (also condition (a) still holds). Passing to a subsequence of the n’s
we may assume (A) holds for each n or (B) holds for each n. Without loss of
gencrality assume (A) holds. Thus for each n we have a y, family %,” such that
p(G) = 3 for each G € (%), and

(%) |ns| (G, \G) <e foreachG € 9,".

In fact we have pl;(G) = 3 — ¢ for all G € " since for any such G there is, by
Lemma 2.9, a sequence {G, } in (%), with G, C G such that pj; — p; and thus

Ko(G) = limps(G) > lim [45(G,) + K6 (G — G,)] = 4 —e

by (+). Thus each ¥ is a v, family with § — ¢ measures satisfying condition ().
Passing to a subfamily by Proposition 2.7 we may assume we also have for each
G e 65’:1!’

(++) lpe|(U {H:HE S, HC G,H+# G})<e

Finally, passing to a subsequence by Proposition 2.11 we may assume that, for each
G €Y, |pgl(UrenG,) <e Itisnot hard to verify that for & small enough {x:

G € 3" for some n} spans a subspace isomorphic to Cy(w") which is normed by
P¥({p: llpll <1}). Thus P,(C(«)) = A, contains a subspace isomorphic to C(w”).
Standard arguments (the “decomposition method” of Pelczynski and the main result
of [11]) give that 4, is isomorphic to C(B).
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